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ABSTRACT
In this paper, some combinatorial properties of the

scheme called I';-non deranged permutations,

especially in relation to right and left embracing
sum using ascent block were identified and studied.
This was done first through some computation on
this scheme using prime numbers p =5 .In this
work, we redefine the right embracing sum and left

embracing sum on I';- non deranged

permutations. We also observed that the right
embracing sum Res(w;) is equal to the right
embracing sum Res(w,_;) where 1>i<p-—
1,Res(w;) = % where  i= pT—1sz1
Similarly, the left embracing sum Les(w;) is equal

to the right embracing sum Res(w;) that is
2_
Les(w;) = Res(w;) = 0, Les(wp+1) = % where
2

p = 5 other properties were also observed.
KEY WORDS: Ascent Block, right embracing

number, left embracing number and I';- Non
Deranged Permutations

l. INTRODUCTION

The study of permutation statistics has
been a trending area of research by many authors
due to its application in engineering and science, it
deals with permutations whose element are
numbers, in which it will examined the
arrangement of the permutations. The origin of
permutation statistics was coined to [1] who was
the first to defined permutation statistics for a
permutation m €S, , the number of descent
(desm), the number of excedance (excm), the
number of inversion (invm) and the major index
(majm). He showed that the excm is equidistributed
with desm and invm is equidistributed with majm
over symmetric group S, .Permutation statistics are
of two major types; Eulerian statistics and
Mahonian statistics where the Eulerian statistic is
any statistic that is equidistributed with the des and
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the Mahonian statistics is any statistics that is
equidistributed with the inv. The Aunu permutation
pattern first arose, out of attempts to provide some
combinatorial interpretations of some succession
scheme and today series of results ranging from its
avoinding class to its properties which have also
been studied. More recently the Catalan numbers
were used by [2] to develop the scheme for prime
number p>5 and Q < N which generate the
cycle of permutation patterns using w; = ((1)(1 +
Dmp (1 + 2D p ... (14 (p — Di)yp ) to determine
the arrangements. This permutation pattern was
further studied by [3] to establish a permutation
group, they achieved this by embedding an identity
element {1} in the collection of w; = ((1)(1 +
Dimp (1 + 2D mp-.. (1 + (p — Di)pp) besides the
general representations of groups and symmetric
group. Researchers have over time looked also at
permutation group with certain properties; one that
comes to mind is the permutation patterns that have
any of the elements fixed or the one that has no
fixed element, here the idea of deranged and non-
deranged permutation surface. It is in line with this
understanding that [3] used the Aunu permutation
of [2] to a two line notation and to establish a
different permutation group ( TIj-non deranged
permutation group g,fl). This enabled them a
further study on the theoretical and algebraic

properties of permutation group using this two line
structures. Besides the representation of this

permutation group ggl as a FGp-module revealed
some interesting results about the character of each
element of ggl. Also [4] introduced a special class
of non-deranged permutation group ggl with fix at
1 and established the non normality of gprl as
subgroup of S, even when some subgroup of g;l
are normal inggl. [5] described the representation
of Tj-non deranged permutation group via the

Young tableaux and establish that every Young
tableuax of this permutation group is not standard.
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[6] studied pattern popularity in T;-non deranged
permutations it establish algebraically that pattern
T, is the most popular and pattern t3,t, and t5 are
equipopular in g;l they further provided efficient
algorithms and some results on popularity of
patterns of length-3 ing]f L. [7] introduced fuzziness

on I; -non deranged permutation group gprl and
discovered that it is a one sided fuzzy ideal (only
right fuzzy but not left) also the a-level cut of f

coincides with if a=%. [8] describe theoretical

properties of I; -non deranged permutation in
relation to the Ascent and shown that the union of
the Ascent set is equal to the identity, also observed
that the difference between Asc(w;) and Asc(w,_;)
is one. [9] provide very useful theoretical
properties of I; -non deranged permutation in
relation to the Excedance and shown that the

Excedance set of all w; in g;l such that w; = eis
%(p —1). [10] applied the direct and skew sum

operation on the elements of Ij-non deranged
permutation group and presented the relations and
schemes on the structures and fixed point of the
permutations obtained from these operations.
Further more, if 7 is the direct sum of these I';-non
deranged permutations, then the collection of
permutations in the form of m is abelian group

under composition denoted as gpr"‘@. It also
established that an isomorphism between G, x

;1 and ggmea [11] showed that right embracing

number Res(w;) of I}-non deranged permutations
is equidistributed with the left embracing
number Les(w;) and the Res(w;) is equidistributed
with the Res(w,_;). It also observe that the height
of the weighted motzkin path of w; is the same as
the height of weighted motzkin path w,_ges (o))-
[12] established that the intersection of Descent set
of all T'; -non derangement is empty, also observed
that the Descent number is strictly less than Ascent
number by p—1. [13] Proved that inversion
number and major index are not equidistributed in
I - non deranged permutations and also
established that the difference between sum of the
major index and sum of the Inversion number is
equal to the sum of descent number in I; - non
deranged permutations. [14] generated recursion
formulas for maximum number of block and
minimum number of block in T; - non deranged
permutations and it also observed that arc(w;) is
equidistributed with asc(w;) in I} - non deranged
permutations. [15] proved that the statistics dez
(cardinality of the set Dez)is an Eulerian statistics
on T; - non deranged permutations due to its

equidistributed with des(cardinality of the descent
set), it also showed that the statistics maz (sum of
the descent of ZDer) is equidistributed with maj
(sum of the descent set). [16] studied ascent and
descent blocks of I'; - non deranged permutations.

. . . . ~Tm

moreover, it defined the mapping Wy: G,". - Q,
which takes permutation from I}- non deranged
permutations group g;m to weighted Motzkin path
in Q, with respect to ascent and descent blocks. it

also investigated that Motzkin polynomial of ggm
[17] studied permutation graph on TI; - non
deranged permutations using the set of inversion as
edge set and the values of permutation as the set of
vertices.From the graph it observed that radius of
the graph of any w; is zero, the graph of any
wq € g;l is null,and by restricting 1, the graph of
w,_1 is complete. More recently [18] established
that the admissible inversion descent aid(w,_1) is
equi-distributed with descent number des(w,_1)
and also showed that the admissible inversion set
Ai(w;) and admissible inversion set Ai(w,_;) are
disjoint.

In this paper, we show that the right embracing
sum Res(w;) is equal to the right embracing sum
Res(w, ;) where 1>i<p-—1Res(w) =
CICD \here | = 132;1’p7+1 and also show that
the left embracing sum Les(w;) is equal to the right
embracing sum Res(w;) that is Les(w;) =
Res(w;) =0 , Les(wp+1) = % where p>5

2

other properties were also observe.

1. PRELIMINARIES

In this section, we give some definitions and
preliminaries which are useful in our work.
Definition 2.1
Let ' be a non empty set of prime cardinality
greater or equal to 5 such that
Wj

1 2 3 p
=(1 (1+i)mp (1+2i)mp (1+(p_1)i)mp)
is called the TIj-non deranged permutation. We
denote G, to be the set of Ij-non deranged
permutations. The pair G, and the natural
permutation composition forms a group called the
[;-non deranged permutation group, denoted

as g;l. This is a special permutation group whose

members fix the first element of T.
Definition 2.2
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An ascent of a permutation Res(w;) = Res(w,_1) =0
1 2 n . . Proof
f = < ) IS an osition .. .
f(1) f£(2) f(n) v P The block of w; is in the form w; = 12345 ...p, it

i < n (where iand n are positive integers and the
current value is less than the next), that is i is a
ascent of a permutation f if f(i) < f(i+ 1). The
ascent set of f, denoted Asc(f), is given by
Asc(f) = {i: f(i) < f(i + 1)}. The ascent number of
f, denoted by asc(f), is defined as the number of
ascents and is given by asc(f) = |Asc(f)].
Definition 2.3

An ascent block of a permutation w; = a;,a,...a,
is the subword obtained by putting slash between a;
and a;; whenever a; > a;,4.

Definition 2.4

A proper ascent block is a ascent block that has
more than one letter.

Definition 2.5

A improper ascent block is a ascent block that has
one letter.

Definition 2.6

An opener of a permutation is the set smallest letter
in a ascent block. For a permutation w; it is donated
by O(w,), and its cardinality is denoted as o(w;).
Definition 2.7

A closer of a permutation is the set biggest letter in
a ascent block. For a permutation w; it is donated
by C(w;) and it is cardinality is denoted as c(wy).
Definition 2.8

Let B be a proper ascent block ofw;. Then B is said
to embrace letter a of w; if c(B) > a > o(B).
Definition 2.9

The right embracing numbers of a permutation
W; = aj,ay...a, are the numbers e, e,,...,e,,
where ¢; is the number of descent blocks in w; that
are strictly to the right of a; and that embraced a;.
The right embracing sum of w;, donated as
Res(w;) is defined by

Res(w;) =e; +e; +--+e,.

Definition 2.10

The left embracing numbers of a permutation
W; = ay,ay...a, are the numbers ey, ey,..., ey,
where e; is the number of descent blocks in w;that
are strictly to the left of a; and that embraced a;.
The left embracing sum of w;, donated as Les(w;)
is defined by

Les(w;) = e +ey + -+ e,.

1. MAIN RESULTS
In this section, we present some results on right
embracing sum and left embracing sum using
ascent block of subgroup glfl of S, (Symmetry
group of prime order with > 5).
Proposition 3.1
Let w; € g]fl. Then the

is trivial that it is embracing number is zero, since
w; has no block. For  w, ;1 =1p—-(p—1) -
(p —2) —---— 2 only the first block is proper, so
no letter in it can be embrace to the right, since all
the blocks to its right are improper. Therefore,
Res(w,_1) = 0. Hence

Res(w;) = Res(w,_1) = 0.

Proposition 3.2
Let w; € gprl. Then the

Res(w;) = Res(w,,_;)
Proof
Suppose W; = ;2 ... ap, then Wy =
ajapap_q .. 2z, by relaxing 1 since it is the least
then the Res(w;) = Les(w;), since 1 has no effect
in the right embracing number then Les(w;) =
Res(wy,_;). This implies that

Res(w;) = Res(w,,_;)
Proposition 3.3

Letw; €G,", where i = "2;1"%1 Then the
Res(w)) = 7@_3;@_1).
Proof
Let the Res(wp+1) with respectto p = 5 be T, it is
2
in the form
T5 = 1
T7 = 3
T11 = 10
multiplying above eqtiatic?ns by‘Z we have
2Ts = 2
2T7 = 6
2T11 = 20
we can rewrite this as
IT. = (5—3)(5—1)
ST 2 2
o = (7—3)(7—1)
T 2 2
o7 _ (11—3) (11—1)
1 - 2 2
' p =3\ (p— 1\
2ressy =21, = (S5 ()
This implies that
-3 -1
2Res(wen) = (p 2 ) (p 2 )
p—3 (p - 1) 1
Res(wpr) = ( 2 2 )2
-3)p-1
Res(wpn) = (p )8(29 )
2
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Since Res(w;) = Res(w,—;) then
Res(wps1) = Res(w _p+1) = Res(wp-1)
2 2 2

Proposition 3.4
Let w; € G'', where w; = e. Then
Res(w;) = Les(w;) = 0.
Proof
Let w; =e, then w; =123---p with only one
block. Therefore, it has neither right embracing
number nor left embracing number. That is
Res(w;) = Les(w;) = 0.

Proposition 3.5
Let w; € ngl. Then the

Les(wy,_1) =p —2
Proof
w1 =1lp—(p-D—-(@-2)— -2 it
contains only one proper block at first position,
which it is trivial that its letter cannot be embrace
and other letters can be embrace only in the proper
block 1 p since 1 is the least and p is the largest.
Therefore,

Les(w,—1) =p—2

Proposition 3.6
Letw; € G,', where i = Pzi. Then the

2_
Les(w;) = ”8—1.

Proof
Let the Les(wp+1) With respectto p =5 be T,, it
2

is in the form

T5 = 3
T, = 6
T, = 15
multiplying above equ'ations by'2 we have
2Ts = 6
2T, = 12
2T11 = 30
we can rewrite this as
_— (52 - 1)
T 4
2T, = (72 - 1)
7 4
112 -1
o, = ( - )
p’ -1
2Les(wpzi) =2T, = ( 7 )

This implies that

L _ p? —1\1
es(wrn) = {33

Les(wp+1) =
2

Proposition 3.7
Letw; € G, where i = pz;l. Then the

2
-9
Les(w;) = P g
Proof
Let the Les(wp-1) with respectto p =5 be T, it
2
is in the form
T5 = 2
T7 = 5
T 14

we can see the difference between this sequence
and the sequence in proposition 3.6 is 1 therefore

2 _
Les(wp-1) = (p 1> -1

8

2

-1

= p -1

8
3 p?—1-38
B 8
_ P9
- 8

Proposition 3.8
Let w; € g,fl Then the
Les(wp-1) =p — 2.
2

Proof
Let the Les(wp-1) with respect to p =5 be T,, it
2
is seen th
T5 = 3
T7 = 5
I, =9
multiplying above equétioﬁs by 2 we have
2Ts = 6
2T, = 10
2T11 = 18
we can rewrite this as -
2Ts = 2(5-2)
2T, = 2(7-2)

2T), 2(11 - 2)

2Les(wp-1) = 2T, 2(p—2
2

This implies that
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2(p—2)
Les(wp-1) = p—2
2

2Les(wp-1) =
2

Proposition 3.9
Let w; € gpr1 Then the

Les(wp+1) = ,;2__1.
2 8
Proof
Let the Les(wp+1) With respectto p = 5 be T,), it is
2
seen that
T5 = 6
T7 = 15
Tll = 21
multiplying above equations by 2 we have
2Ts = 12
2T, = 30

2T11 = 42

we can rewrite this as

S 52-1
> 8
)T = 72 -1
7T 8
T _ 112 -1
1 = 8
p’-1
2Les(wp+1) = 2T, = 2( )
2 8
This implies that
p> -1
2Les(wp+1) = 2
2 8
21
Les(wp+1) = (p )
2 8

V. CONCLUSION
This paper has provided very useful
Combinatorial properties of this scheme called T; -
non deranged permutations in relation to right and
left embracing sum using ascent blocks. We have
shown that the right embracing sum Res(w;) is
equal to the right embracing sum Res(w,,_;) where

1>i<p-—1Res(w) = W
i= pz;lpzi and also shown that the left embracing
sum Les(w;) is equal to the right embracing sum
Res(w;) that is Les(w;) = Res(w;) =0

2_
Les(wp+1) = "— where p > 5.
2
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